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7—1 ' Abstract 

, We solve the constraint equations for a vacuum space-time with a §^ symmetry 

' satisfying the vacuum Einstein equations. Vacuum Einstein equations with a sym- 

'"^ , metry have been studied by Choquet-Bruhat and Moncrief in the compact case, and 

I ' by Ashtekar, Bicak and Schmidt in the case where an additional spherical symmetry 

is added. In this paper we consider the asymptotically flat case. This corresponds to 
solving a nonlinear elliptic system on M^. The main difficulty in that case is due to 
the delicate inversion of the Laplacian on R^. 
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1 Introduction 

Einstein equations can be formulated as a Cauchy problem whose initial data must satisfy 
compatibility conditions known as the constraint equations. In this paper, we will consider 
the constraint equations for the vacuum Einstein equations, in the particular case where 
^ the space-time possesses a §^ symmetry. It allows for a reduction of the 3+1 dimensional 

, problem to a 2 + 1 dimensional one. This symmetry has been studied by Yvonne Choquet- 

I Bruhat and Vincent Moncrief in f3] (see also [3]) in the case of a space-time of the form 

3 ■ S X X M, where S is a compact two dimensional manifold of genus G > 2, and R is 

. the time axis, with a space-time metric independent of the coordinate. They prove the 

(<~^ I existence of global solutions corresponding to perturbation of particular expanding initial 

' data. 

In this paper we consider a space-time of the form x x M. It is an interesting prob- 
lem to ask whether the global existence of solutions corresponding to small perturbations of 
^ ' the trivial initial data also holds in this case. However, it is crucial, before considering this 

^ ■ problem, to ensure the existence of compatible initial data, i.e. the existence of solutions 

to the constraint equations. This is the purpose of the present paper. 

In the compact case, the issue of solving the constraint equations is straightforward. 
Every metric on a compact manifold of genus G > 2 is conformal to a metric of scalar 
curvature —1. As a consequence, it is possible to decouple the system into elliptic scalar 
equations of the form An = f{x,u) with duf > 0, for which existence results are standard 
(see for example chapter 14 in [9J). 

The asymptotically flat case is more challenging. First, the definition of an asymp- 
totically flat manifold is not so clear in two dimension. Ashtekar, Bicak and Schmidt 
constructed in [Ij radial solutions of the 2 + 1 dimensional problem with an angle at space- 
like infinity. In particular, these solutions do not tend to the Euclidean metric at space-like 
infinity. Moreover, the behaviour of the Laplace operator on makes the issue of finding 
solutions to the constraint equations more intricate. 
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1.1 Reduction of the Einstein equations 

Before discussing the constraint equations, we first briefly recall the form of the Einstein 
equations in the presence of a symmetry. We follow here the exposition in P]. A 
symmetric metric ^^^g on x x M has the form 

where g is a Lorentzian metric on M^^"*^, 7 is a scalar function on M"'^"''^, ^ is a 1-form on 
]^H-2^ ^3 jg ^Yie coordinate on and x", a = 0, 1,2, are the coordinates on Since 
S"*^ is an isometry group, g, 7 and A do not depend on x^. We set F = dA, where d is the 
exterior differential. F is then a 2- form. Let also ^^^R^^^ denote the Ricci tensor associated 
to ^^)g. Ra/3 and D are respectively the Ricci tensor and the covariant derivative associated 
to g. 

With this metric, the vacuum Einstein equations 

(^)R^^ = 0, ^,z. = 0,l,2,3 
can be written in the basis {dx°^,dx^ + Aadx"^) (see |4j appendix VII) 

=(^) = - \e^^F^^Fp^ - Tto^dp^ - a,75/37, (1) 

=(^) R„3 = \e-^I)p{e^^Fj), (2) 

=(^) R33 = (^-le2^F„^F°^ + T^d^^dp^ + T^fiadpl^ . (3) 

The equation ([2]) is equivalent to 

d{*e^^F) = 

where *e^'^F is the adjoint one form associated to e'^'^F. This is equivalent, on M^"''^, to 
the existence of a potential oj such that 

*e^^F = duj. 

Since is a closed 2-form, we have dF = 0. By doing the conformal change of metric 
g = e~^'*'g, this equation, together with the equations ([1]) and (jS]), yield the following 

system. 



□gw - ^d'^-ido^uj = 0, (4) 
□g7 + ]^e-^^d'^ojdc,uJ = 0, (5) 
Ra/3 = 25^75/37 + ]^e~'^'^daU)dpuj, a,l3 = 0, 1, 2, (6) 

where Dg is the d'Alembertiar0 in the metric g and Rq/3 is the Ricci tensor associated to 
g. We introduce the following notation 

daudpu = Idajdjs'j + ^e~^^daU}di3U}. (7) 

We consider the Cauchy problem for the equations (jU, ([S]) and As it is in the case 
for the 3 + 1 Einstein equation, the initial data for ([5]) and ([6]) cannot be prescribed 
arbitrarily. They have to satisfy constraint equations. 

^□g is the Lorentzian equivalent of the Laplace-Beltrami operator in Riemannian geometry. In a 
coordinate system, we have O^u = — 4=9ci(g"''\/|g[9/3^t). 
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1.2 Constraint equations 

We can write the metric g under the form 

g = -N'^{dtf + gij{dx' + I3'dt){dx^ + pUt), (8) 

where the scalar function N is called the lapse, the vector field /3 is called the shift and g 
is a Riemannian metric on M?. 

We consider the initial space- like surface m2 = {t = 0}. We will use the notation 

do = dt- Cfj, 

where vC^ is the Lie derivative associated to the vector field /3. With this notation, we have 
the following expression for the second fundamental form of 

We will use the notation 

r = g'^Ki, 

for the mean curvature. We also introduce the Einstein tensor 

Gap = — 2"'^^"^' 

where R is the scalar curvature R = g'^'^Ro,^. The constraint equations are given by 

Goi = N{djT - D'Kij) = doudju, i = l,2, (9) 

]\f2 1 

Goo = - \Kf + r') = doudou - -goos"'' daudfsu, (10) 

where u has been defined in ([7]) and D and R are respectively the covariant derivative and 
the scalar curvature associated to g (see H] chapter VI for a derivation of ([9]) and (|10p ). 
([9]) is called the momentum constraint and (jlOp is called the Hamiltonian constraint. 

We will look for g of the form g = e^^S where 5 is the Euclidean metric on M^. There 
is no loss of generality since, up to a diffeomorphism, all metrics on are conformal to 
the Euclidean metric. We introduce the traceless part of K, 

Hij = Kij l^'^diji 

and following [3] we introduce the quantity 

u = -j^dou. 
Then the equations ([9]) and (fTO|l take the form 

diHij = -iidju + ^e^^djT, (11) 



The aim of this paper is to solve the coupled system of nonlinear elliptic equations 
(|lip and (|12p on in the small data case, that is to say when ii and Vn are small. A 
similar system can be obtained when studying the constraint equations in three dimen- 
sions. The strategy in the asymptotically flat three-dimensional case is to set r = 0. 
Then the constraint equations decouple and the difficulty that remains is the study of the 
scalar equation (fT2|l . also called the Lichnerowicz equatiorH. The asymptotically flat three- 

^The resolution of this equation is closely linked to the Yamabe problem 
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dimensional case has been studied first in [2] (see chapter 7 in |4| and references therein 
for more details on the resolution of the constraint equations in this case). In the compact 
case there have been also some results concerning the coupled constraint equations, i.e. 
without setting r constant (see |6j). 

In our case, the difficulty will arise from particular issues concerning the inversion of 
second order elliptic operators on R^. In particular, it is not possible to set r = in the 
case of M^. Indeed, equation (|lip induces for H the asymptotic \H\'^ ~ as r tends to 
infinity. Now, it is known (see [8]) that an equation of the form 

/\u + iJe^" + / = 0, 

with R, f < and R ^ when r tends to in&iity, admits no solution. Therefore, we 
will be forced to carefully adjust the asymptotic behaviour of r as r tends to infinity, to 
compensate the term \H\'^ in equation (jl2p . and to ensure that we remain in the range of 
the elliptic operators which come into play. 

Remark 1.1. The solutions of equation (|12p that we construct in this paper satisfy 

A = -aln(r) + o(l) 

as r —7- oo. Using a change of variable, we observe that this asymptotic behaviour is 
equivalent to the presence of an asymptotic angle at space-like infinity. Indeed, if we make 
the change of coordinate r' = r^~" for r large enough, then the metric 

g ~ r-2"((ir2 + r'^dO'^), r ^ oo 

takes the form 

g' ~ ^-^dr'^ + r'^de^, r' ^ oo 

(1 — a)^ 

which corresponds to a conical singularity at space-like infinity, with an angle given by 

27r(l - q). 

Note that, since the constraint equations ([9]) and ()10p are independent of the choice of 
coordinates, the metric g' and the second fondamental form K' , obtained by performing 
the change of variables r' = r^~" for r large enough, are still solutions of the constraint 
equations. 

We will do the following rescaling to avoid the e^'^ and e"^'^ factors 

u = e'^ii, H = e~^H, r = e^r. 
Then the equations (llip and ()12p become 

diHij + HijdiX = -udju + ^djf - ^rdjX, 

AX + -u' + -\Vu\' + -\H\^-T1 = o, 
2 2' ' 2' ' 4 

To lighten the notations, we will omit the " in the rest of the paper. 

Acknowledgement The author would like to thank Rafe Mazzeo for stimulating dis- 
cussions concerning this problem. 
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2 Main result 

We are interested in the system of constraint equations on M? 

diHij + HijdiX = -iidju + ^djT - ^rdjX, 

AA + + 1 |v^|2 + i\H\^ - ^ = 0. ^ "^^ 

We look for solutions (H, A) where if is a 2-tensor, symmetric and traceless, and A is a 
scalar function, u and u are given scalar functions on M? and r is a scalar function which 
may be chosen arbitrarily. We recall however from the end of the previous section that r 
must be chosen carefully. In particular, r can not be identically otherwise there may not 
be solutions. 

Before stating the main theorem, we recall several properties of weighted Sobolev 
spaces. 

2.1 Weighted Sobolev spaces 

In the rest of the paper, x(r) denotes a smooth non negative function such that 

< X ^ li xi''') = for ^ ^ 1) x(^) = 1 for r >2. 

We will also note f when there exists a universal constant C such that f < Ch. 

Definition 2.1. Let m G N and 6 £ R. The weighted Sobolev space ii™(M") is the 
completion of for the norm 

\l3\<m 

The weighted Holder space is the completion of Cq° for the norm 

\l3\<m 

Let < a < 1. The Holder space C'^~^°^ is the completion of for the norm 

„ „ „ „ -5™u(y)|(l + |x|2)f 
n Lim+a = ki + sup ; ; . 

The following lemma is an immediate consequence of the definition. 

Lemma 2.2. Let m G N and 5 G M. Then u € ii™ implies dju G HJ^^ for j = 1, .., n. 

We first recall the Sobolev embedding with weights (see for example [1], Appendix I). 
In the rest of this section, we assume n = 2. 

Proposition 2.3. Let s,m G N. We assume s > 1. Let P < 5 + \ and < a < 

min{l,s — 1). Then, we have the continuous embedding 



We will also need a product rule. 
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Proposition 2.4. Let s,si,S2 G N. We assume s < min(si,S2) and s < si + S2 — 1- Let 

5 < 61 + 82 + 1. Then V(«, v) € x Hg, 



\\uv\\hi < \\u\\hI^ \\v\\hI-^- 
The following simple lemma will be useful as well. 
Lemma 2.5. Let a G R and g G L°° be such that 

\g{x)\<{l + \x\^r. 

Then the multiplication by g maps Hg to H^_2a- 

We have the following theorem due to Mac Owen (see [7]) 

Theorem 2.6. (Theorem in Let m G N and —1 + m < 6 < m. The Laplace operator 
A : HJ —7- H^j^2 ^'f^ injection with closed range 

{/e^ml j fv = Q Vt;GU™o^,|, 
where Tii is the set of harmonic polynomials of degree i. Moreover, u obeys the estimate 

\\u\\hI < C{5)\\Au\\ho^^, 
where C{6) is a constant such that C{S) — t- +00 when 6 — t- rn-_ and 5 — t- (—1 + m)+. 
Corollary 2.7. Let —1<6<0 and f G Hs+2- ^^^^^ there exists a solution u of 

Au = f 

which can be written 

= ( / / ) x{r)ln{r) +v, 



where v G H] is such that \\v\\ff2 < C{d)\\f\\f^o^^. 

Proof. Let be a smooth compactly supported function such that J G = 1. Let uq be a 
solution of Auq = Q. The representation formula, based on the fundamental solution of 
the Laplacian on yields 



^0(2;) = J ln{\x - y\)Q{y)dy. 

Since is compactly supported we have that 

uo{x) = x(|a:|)/n(|x|) +uq, 
with Uq G . Theorem 12.61 implies that there exists v G LL^ solution of 

A» = /-(//)e. 

Therefore 

/ I xir)ln{r) + ( / f]u^ + v 



is a solution of An = /. To obtain the estimate of the corollary, it suffices to note that, 
for / G LLg_^_2 we have 

/ I/I = / I/I 's^, ^ ^mll/ll^^.- 

□ 
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Corollary 2.8. Let s,m G N and —1 + m < 6 < m. The Laplace operator A : H"^^^ 
Hg_^_2 is an injection with closed range 



Moreover, u obeys the estimate 



u 



\^s+2 < C{s,6)\\Au\\hi^^. 



Proof. We will proceed by induction. Note that Theorem [2]6] corresponds to the case s = 0. 
We assume that the statement of the corollary holds true for some s G N and all m G N, 
and we will prove that it holds true for s + 1. Let m G N and —1 + m < 6 < m. Let 
/ £ -^1+2' suc;h that / belongs to the set 



{/G^°+2 I j fv = Q V7;GU,'^o^,|. 



Then Theorem 12.61 provides a unique u G such that Au = /. In particular for i = 1, 2 
we have 

AdiU = dif. 

Since / G ILs^2' have that dif G H^^.^. Moreover, for all v, harmonic polynomial of 
degree j < m + 1, we have 

\^^f)v = - j fdiV = 0, 

because diV is an harmonic polynomial of degree j — 1 < m. Therefore, by induction, we 
have diU € Hg^i and 

|k|| r7S+l + 2 < ||n||rr2 + 1 1 C?l U 1 1 + 2 + 1 1 C?2'U 1 1 H-s + 2 

< Cmf\\Hl^, + C{s,6 + l) (||5i/||h|^3 + 1152/11^1^3) 
<C{s + l,6)\\f\\Hs+i 

+ 2 

□ 



2.2 Main result 

In the rest of the paper, 5 will be a fixed real number such that 

-1<5 <0. 

Definition 2.9. Let 5' G M and s G N. We note Tig, the set of symmetric traceless tensor 
whose components are in H^,, 

The following theorem is our main result. 

Theorem 2.10. Let ii^, \Vu\^ G H^^2> ^ ^ ^5+1 "^^'^ bGR. We note 

e = J + iViip. 

We assume 

ll^'llHO^, + ll|Vnn|^o^^ + ||f||^,^^ + |6| <e. 
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If £ > is small enough, there exist a, r/ G M, a scalar function X £ and a traceless 
symmetric tensor H G such that, if we note 

bx{r) [ 008(26*) sin(26') \ pxir) ( cos{6 + r/) sm{6 + r/) 
H = 



sin(26l) -cos(26l) J Ar \ sm{e + t]) - cos{9 + r]) 

PX{i^) f cos(36' — r]) sm{39 — rf) 
4r \ sin(30 — if) — 008(36* — rj) 

A = — ax{r) ln(r) + A, 



then X, H is a solution of (jl3l) with 



r = 1 COS(t^ — T]) +T. 



Moreover, a, p,rj, X, H are unique. Finally, a, p, rj are such that 

a = ^l (n2 + |Vn|2)+0(e2), 

pcos{r]) = j udiu + 0{e^), 

p8in(r/) = y^2t: j ^^2^i + 0(e^), 



and we have the estimates ||A||r72 < e and \\H\\iji < e. 

II ll_H^ II llrt^ + i ~ 

The following corollary is an immediate consequence of Theorem 12.101 and Corollary 

ESI 

Corollary 2.11. Let 6 G M. Let s G N and assume ii , 

£ be defined as in Theorem \2.1(K Then the conclusion of Theorem \2.10\ holds and we have 
furthermore X G Hl^"^ , H G ^^^^p estimates 

||A||^.+2 + \\H\\^s+i < lln^llm- „ + IllVuplln- + + 1^1- 

"^s "-s+i '5+2 a+a "-S+1 

Comments on Theorem 12.101 

1. The trivial asymptotically flat solution to the Einstein vacuum equations with 
symmetry (|4]), (jS]) and ([6]) is obtained by taking for g the Minkowski metric on M^^"^, 
and by setting a; = 7 = 0. The corresponding initial data set is given by 

(u = 0, u = 0, r = 0, = 0, A = 0). 

Theorem 12.101 corresponds to the existence of solutions to the constraint equations 
which are small perturbations of (0,0,0,0,0). An interesting open problem is the 
question of the non linear stability of the "Minkowski space-time with symmetry" 
under these perturbation^. 

2. We solve here the constraint equations for small data. It is an interesting open 
problem to investigate the large data case. 



^This is the analogue in dimension 2 + 1 of the nonUnear stabiUty of the Minkowski space-time in 
dimension 3+1, which has been established in the celebrated work of Christodoulou and Klainerman [5]. 
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3. We look for asymptotically flat solutions. However, we mentioned in the introduction 
that it is not so clear what to expect as a definition of asymptotic flatness in 2 + 1 
dimension. The solutions of the evolution problem 1^, ([5|) and ([6]) with an additional 
spherical symmetry and a; = 0, known as Einstein-Rosen waves, have been studied 
in p]. These solutions exhibit a conical singularity at space-like infinity, that is to 
say the perimeter of a circle of radius r asymptotically grows like 27r cr with c < 1, 
instead of 27rr in the Euclidean metric. The Riemannian metric we obtain in our 
case is asymptotically 

g r-^°'{dr'^ + r'^de'^), r ^ oo 

If we perform the change of variable r' = r^~" for r large enough, we obtain the new 
metric 

g ~ 7 -^dr + r dti , r ^ oo 

(i-ay 

which is a metric with conical singularity at infinity, corresponding to an angle given 
by 27r(l - a). 

4. The role of the parameters p and r] is to compensate the asymptotic behaviour 
H = O(^) which is created by the first equation in (jl3p and induces problems in 
the second equation. Indeed, the decay H = O(^) is not enough to ensure that 
l-ffp G H^_^_2 when — 1 < 5 < 0. Thus, the role of p and r] is to induce a cancellation 
which allows the term — jt"^ to belong to H^_^_2- Indeed, it is necessary that 
the right-hand side of the second equation of (|13p belongs to H^_^^2 order to solve 
this equation with Corollary 12.71 

5. The parameter 6 is a free parameter. It permits to have a space-time metric with 
a non trivial asymptotic shift /3. This flexibility may be useful in the study of the 
evolution problem. 

6. The quantities b, p and rj are conserved by the flow of the Einstein equations. To see 
this, we note that these quantities can be expressed as 

1 f^"" 
b = — lim / Trd9, 

r2TT 



1 f^"" 

pcos{rj) = — lim / t cos{9)rd9, 

vr r-^oo Jq 

1 /■^'^ 
psm{rj) = — lim / t sm{9)rd9. 

vr r->oo Jq 



The (0, 0) component of equation ([6]) can be written under the form 

-2AAAr I ^„-4Ant7|2 , ■2\ ^ 



This yields dtT = O(^) as r tends to oo and therefore 

dtb = dt{pcos{r])) = dt{psm{7])) = 0. 

2.3 Outline of the proof 

We will prove Theorem I2.10l bv a fixed point argument. 
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The construction of the map F. We will construct a map 

ia,\,H) ^ {a',X',H'), 



such that {X' , H') given by 



A' = -a'ln(r)x(r) + A', 
H' = Hb + Hp^ri + H', 



are solutions of 



diHlj + HijdiX = -iidju + ^djT - KdjX, (14) 

AX' + lu^ + l\Vu\^ + l\Hf-^ = 0, (15) 



with X,H,T defined by 



where we note here, and in the rest of the paper 
bx{r) [ cos(26l) sin(26l) 



A = -aln(r)x(r) + A, (16) 
H = H, + Hp,, + H, (17) 

H cos(6' -T]) + T, (18) 



2r V sin(26') -cos(26l) 

_ pxif) ( cos{0 + Tj) sm.{9 + rj) \ px{r) f cos(36' - rj) s'm{39 - rj) 
P'"^ ~ 4^ \^ sin(6l + r/) - cos(6l + rj) J 4^ 1^ sin(36' - rf) - cos(36l - rj) 

with p,r] depending on b,a, X, H ,u,'Vu. Then, proving that F has a fixed point easily 
follows from the estimates derived for a' , X' and H', which concludes the proof of Theorem 
12.101 Thus the core of the analysis is to solve (jl4p and (jlSp . 

Solving (|14p . For X,H,t of the form (jlOp . (|17p and (|18p . there always exists a solution 
of ([H]) of the form 

r V 52(6') -gi[0) J 

where gi and 52 are two functions of the angle 6, and is a traceless symmetric tensor 
belonging to T-LIj^^. For e > small enough, we will be able to choose p and rj such that 
H' can be written under the form Hh + Hp^^j + H'. 

Solving (lisp . We remark that, according to Theorem 12.61 the equation (jlSp may not 
have solutions in H^. Also, because of the asymptotic behaviour of and r^, which are 
only decreasing like ^ as r — )• 00, the right-hand side of the equation (|15p may not be in 
the space H^_^_2i in which case we may not be able to solve the equation thanks to Corollary 
12.71 However, the particular form of H and r allows the terms decreasing like ^ to balance 
each other, and we are able to obtain a solution of (jlSp of the form —a' ln(r)x(r) + A' with 

«'=/(i.-.^ + i|v«P4l«P-^ 
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The rest of the paper is as follows. In section [3l we explain how to solve the momentum 
constraint (|14p . In section HI we explain how to choose the coefficients p,rj and how to 
solve the Lichnerowicz equation ()15p . Finally the map F is constructed in section [5j It is 
shown to have a fixed point, which concludes the proof of Theorem 12.101 

3 The momentum constraint 

The goal of this section is to solve equation (fH|l . 

Proposition 3.1. We assume iiVu G H^^2- '^i^iPiV ^ ^^'^ 

r = h p cos(^ — 7?) + r, 

A = —ax{f) ln(r) + A, 
H = Hb + Hp>^ + H, 

with T G H^j^^, A G H^, H G Then the equation 

diH-j + HijdiX = -iidju + ^djT - ^rdjX, 
has a unique solution of the form 



, mx(r) ( cos{9 + (p) sin{9 + 



r \ sm[U + cp) — cos[& + cp 
PXi"!^) ( cos(36' - rf) sin(36' - r]) 



4r \ sin(30 — rj) — cos(30 — rj) 



+ Hb + H', 



with H' G 'HIj^i and 



mcos 



('/') = j udiu - ^TdiX - HiidiX - diX{Hh + Hp^r,)ii 

1 b + pcos{9 -T]) r\ vr/) 
- ^X{r) OiX j + — cos(r/), 



m sm{<f>) = y ^ - ud2U - ^t(?2A - H-adiX - diX{Hb + Hp^r,] 



i2 



^X{r) SaA + — sm(77 . 

2 r J 2 



Moreover we have 



\H'\\hU, <\b\ + \\uVu\\ho^^ + (1 + \a\ + ||A||^|)||t||^i^^ 

+ \P\ + mWul^^ + \b\ + \p\)fx\\Hl + M\H\\ni^^. 



(19) 



(20) 
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To prove this proposition, we write H' = H^^^ + H^'^^ + H^^^ with 



— iidjU + -^djT — — HijdiX 

+ - diX[Hb + Hp^r,)ij - -jX{r) 5jA, 



diH. 



(2) 



1q f^xir) 



{Hb)ijd,{ax{r)Hr)) + 



1 bx{r) 

2 r 



5i(ax(?')ln(r)), 



(3) pcos(6' - r])x{r) \ _ px'jr) 

"2 ^ V ^ 

_^ 1 px(^) cos(6' - r]) 



4r 

5i(ax(»')ln('^)), 



Cj + {Hp^r,)ijdi (axir) ln(r)) 



(21) 

(22) 
(23) 



where ei = 003(77) and 62 = sin(ry). The following three propositions allow us to solve ([2T 
and 



Proposition 3.2. There exists a unique solution of (j2ip 0/ the form 



^(1) ^ mxjr) I cos{e + (/)) sin(6l + 
sin(6' + (/>) - cos(6l + 



with H^^^ £ -f^l+i and m cos{(j)) and m sm{(j)) are defined by ()19p and ()20p . Moreover, H^^^ 
satisfies the estimate 



\H'\\ni^^ <l|nVn||^o^^ + (1 + \a\ + ||A||^|^||t||^i^^ 

+ \p\ + m\U+\b\ + \p\)\\X\\H2 + \a\\\H\ 

+ 1 



(24) 



'^s+i ' 



Proposition 3.3. There exists an unique -^(2) G n}^^ such thatH^^^ = Hb+H^'^^ satisfies 
(I22]). Moreover we have the estimate 



#(2) 



< 



'^6+1 



\b\. 



Proposition 3.4. There exists an unique H^^'^ € such that 

^(3) ^ _PXW 1^ cos(3^ - 7?) sin(30 - r?) ^ ^ -(3)^ 



4r \ sin(30 — r/) — cos{39 — rj) 
satisfies (|23p . Moreover, we have the estimate 



^(3) 



< 



\P\- 



Proposition 13. H is a straightforward consequence of Propositions [3^ 13. 3l and l3. 41 Thus 
in the rest of this section, we prove Proposition 13. 2| 13.31 and [ 3.4| respectively in section [34" 
321 and [331 



3.1 Proof of Proposition [HT^ 

We need the following lemma. 
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Lemma 3.5. Let /i,/2 G ^5+2- equation 

diKij = fj, 

with K a symmetric traceless tensor, has a unique solution of the form 

mxir) f cos{6 + cp) sm{9 + 0) 



K 



with 



sin{e + - 003(6* + (p] 
m{cos{(p),s'm{(p)) = ( f^, fr 



and K G "H^j^i with 



We postpone the proof of Lemma 13.51 to the end of the section, and use it to prove 
Proposition 13.21 



Proof of Proposition \3.SX We apply Lemma 13.51 with 

fj = - iidju + ^djT - ^TdjX - HijdiX + ^^^e^- 



(25) 



We first check that fj belongs to H^_^_2- Since r G Hj^^, we have djT G ^5,^2 with 

\diT\\„o < ||r||„i . (26) 



'JiT\\ fio < ||r|| TTi . 



Moreover, thanks to Lemma [2. 5 1 we have ^^^r G H}^2- Since A G H^, we have djX G ifj. 



5+1 



and therefore, thanks to Proposition 12.41 rdjX G H^^2- Consequently we have the estimate 



W'^djXWHO^^ < (|a| + ||A||^2)||r||^i^^. 
In the same way, we have the estimates 

\\Hijd,X\\HO^^ < (|a| + ||A||/^2)||#||^i^^, 



a.A(F. + F,.,),-lx(0 ' + ^^°f "^^ g.A 



< 



(|fe| + |p|)l|A| 



Hi 



Since x' is compactly supported, we have 

PX'{r) 



67 



< 



"-5+2 



\P\- 



(27) 

(28) 
(29) 

(30) 



O, dSZD, (I28D, (I29D and ([30]) yield 

II/iIIho^, + ll/2||//o^, <II^Vn||^o_^^ + (1 + |a| + IIAII^i^F 11^1^^ 

+ IpI + im-Hl^^ + \b\ + IH)l|A|l/f| + 

Therefore, Lemma 13.51 implies that we have a unique solution of ()2ip of the form 

rr{i) ^ T^x{r) ( cos{e + (p) sm{9 + 0) \ 

r V sin(e + 4>) - cos{9 + 0^ ' ^ ' 



(31) 
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with H^^^ G ^5+1- Together with ([3T]) . it yields the estimate ()24p . Then, in view of the 
definition (j25p of fi and /2, the computations 

cos[r])rarat> = — cos(r/j, 

4r 2 



— ^ sin{rj)rdrd6 = — sin(r/), 



and the fact that 

/ djf = 0, 

yield the identities ^ and (l20|). □ 

Proof of lemma [375[ We look for solutions of the form 

K^j = d^Yj + djYi - 5ijd^Yk. (32) 

Y then satisfies the equations 

A^i = /i, 
AFa = /2. 

We can apply Corollary 12.71 which says that 
where Yj G satisfies 



We have then 



Kii = diYi - ^2^2 = x{r) — ^ -^11' 

i^l2 = diY2 + 92^^! = X(»^) ^ -^12, 



where Kii,Ki2 G ^5+1 satisfy 



Let 



m(cos(/>,sin(/)) = (^j fi, j f2^ 



We obtain 

xi J fi - X2 J f2 m ■ ± ■ a\ ^fl , 
;5 ^ = — (cos (j) COS 6 — sm sm u) = — 005(6^ + cp) , 

xi f f2 + X2 J fi m „ M ■ Q\ ^ ■ ra I A\ 
15 = — (sm (p COS a + cos (p sm ti) = — sm(t^ + <p) . 

This yields 

, , mcos(0 + 0) ~ 

Ku = x{r) ^ — + Kn, 

r 

msin(6' + 0) ~ 

K12 = X{r) h K12. 

r 

Since K is symmetric and traceless, we have i^22 = —Kn and K12 = K21, which concludes 
the proof of Lemma 13.51 □ 
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3.2 Proof of Proposition ISTSl 

We calculate the right-hand side of ()22p for j = 1 

1^^ fbx{r)\ ^ (^H,)ad,{ax{r)Hr)) + lM!:lai(ax(r) ln(r)) 
2 \ r J 2 r 



b 



cos{9) 
+ a 



2 ■ ■ \ r 
bx{r 



X{r) ^ _ ^ft^ ( ^^^^ ^^^^^ ^ XW J ^^^^^Q^ ^^g(20) + sin(0) sin(2^)) 



2r 



X'(r)ln(r) + ^ ) cos(0) 



2r 



--- cos{0) ( — + 



We have similarly for j = 2, 



2 V r 



We calculate then, 



2bx{r) 



s\n{9) sin(26l) + cos(6l) cos(26l)) 



2r2 



(cos(6l) cos(26l) + sin(6') sin(26l)) 



bx{i-) , . bx'jr) 

—-^cos{e) — cos^). 

2r^ 2r 



In the same way 



i2 



bx{r) . bx'ir) . 

sm{6) sm(t^). 



2r2 2r 
Therefore Hf, + ^(2) satisfies ^ if and only if 



(33) 



with 



We have /i , /2 G -^^5+2 ^'^^^ 



and 



72^ r V 



11/1^0^, + 11/211^0^, <|fe|, 



/l = / /2 = 0. 



Therefore Lemma 13.51 implies that there exists a unique solution g of (pl). 

Furthermore it satisfies the estimate 



< 



which concludes the proof of Proposition 13.3 
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3.3 Proof of Proposition 13.41 

We calculate each term of the right-hand side of ()23p for j = 1 

f P^os{9 - r])x{r)\ px'{r) 
-Oi : coslri) 

= (sin(0) sm{e -7])- cos{9) cos{9 - rj)) + cos(0) cos(0 - i]) - 003(77) 

2r^ 2r 4r 

PXjr) , . px'jr) cos(r?) + 008(26* - 7?) px'(?^) . ^ 
= -^^^ - ^) + ^ ^ cos(r/) 

{Hp,,)ad,{ax{r)Hr)) + lM!l^^fc^ai(ax(r) ln(r)) 

"^^^^^ (9r(x(^) ln(r))) (cos(0)(cos(0 + ??) + cos(30 - r?)) + sin(0)(sin(0 + + sin(30 



4r 
2r 

apY(r) , , , ^ apxir) , , , , , ,,, cos(?7) + cos(20 
^ ^ {dr{x{r) ln(r))) (cos(7?) + cos(20 - ??)) + (5.(x(r) ln(r))) 



{drixi^) lii(''))) cos(0) 005(6* — rj) 



4r 2r 
=0. 

Therefore we have 

1 f pcos{9 -r])xir)\ px'{r) 1 , , rr no/ i \^ i \\ 
2^1 ( ) 4^cosw) + iHp,v)iidi{ax{r)\n{r)) 

1 px(^) cos(6' - 7?) / M / 

+ 7^ ai Qx r) In r ) 

2 r 

= r-^ 008(26* - r/) H ^ 008(26/ - r/j. 

2r 4r 



In the same way, for j = 2 we have 



1 /pco8(6l - ??)x(r)\ px'ir) ■ f ^ , frj \ f \: r \\ 

2^2 I 1 ^8m(77) + {Hp^r,)z20i{ax{r)ln{r)) 



1 px(^) C0S(6' - ??) / M / 

+ o (92 ax ln(r) 

2 r 



PX(?') . X , PX'{r) . X 
_ V, 8m(26' - r]) -\ 8m(26' - r]). 



We calculate now 



I px(r) cos{39 - 7?) \ _^Q^ f PX{r) sm{39 - rj) 



4r J \ 4r 



?(co8(0) co8(30 -ri)+ sm{9) sm{39 - r/)) ( + 

4 y r y 

3^ (8in(e) 8in(3e - r/) + 008(0) co8(30 - r?)) ^ 

PX(?') N PX'{r) . 
■ co8(2t^ — rj) co8(26^ — r/). 
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In the same way we have 

j px{r)cofi{W - r/) \ f px{r) sin(36' - r]) 



Therefore 



4r / \ 4r 

PXir) . s px'ir) . 

^(3) ^ PXir) ( cos(3g - T?) sm(30-7?) ^^^(3) 

4r \ sin(30 — r\) — cos(30 — ??) 



satisfies ([25]) if and only if 
with 

We have /i, /2 G -f^°+2 '^^^^^ 



^^Hj^ = fJ, (34) 
/i A _ cos(20 - f]) 



ll/llk^, + ll/2|lH0^,<H, 

and 

Therefore Lemma 13.51 implies that there exists a unique solution g ^1^^ of ([gj]) 

Furthermore, it satisfies the estimate 



which concludes the proof of Proposition |3? 



4 The choice of 77 and the Lichnerowicz equation 

The goal of this section is to solve equation p5|) . 



4.1 The choice of p, 

We assume uVu G -fr|. Let q, 6 E M, AG -ff| and H € ^5+1- We consider the map 

G : M X [0,27r[ ^ M X [0,2tt[ 
[p,!]) ^ (-4m, 0), 

with (m, (/)) given by 

mcos(0) = j (^-iidiu - ^rdiX - HudiX - di\{Hf, + Hp^rj)ii - ^x(^) ^ ^^"J*^^ — ^^lA^ 

'^P , \ 
+ — cos(?7), 

msin(0) = y {^ud2U - \^d2\ - Hi2di\ - di\{Hf, + Hp^rj)i2 - ^x(^) ^ — —82^ 
+ —sm{ri). 

We want our solution H' of equation (jl4p to have the same form as H, in order to find 
a fixed point H = H' and A = A'. Therefore, we need to show that G has a fixed point. 
This is done in the following lemma. 
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Lemma 4.1. // ||A|| rr? < e, then for e > small enough, G admits an unique fixed point 

s 

(p, r?) G M X [0, 27r[. Moreover, if we assume 



then we have 



Proof. We note 



I^Vull^o^^ + ll^llwj+i + Mh}^, + \\M\hI + \b\ + l«l < e, (35) 



pcos{r]) = j udiu + 0{e^), 

psm{r]) = ^ I ud2U + 0{£^). 

\ + 2.TT J 

- \^^3'^ ~ HijdiX - diX{Hb)ij - ^X{r)^dj^ 



The conditions p = —Am and rj = (f) are satisfied if and only if 



pcos(r?) = -4 (ai + j (^-dA{Hp,,)a - ^xW^^^^^^^^ia) + ^ cos(??)) , (36) 
psin(r?) = -4 (a2 + J (-d~\{H,^,U - ^x(0 ^'°'^^^ ~ "^^ ^aA^ + ^ sin(r?)) . (37) 

Since we assume ||A||j|^2 < e, we can write this system under the form 
l + 0(e) 0(e) \ / pcos{r]) \ _ 4 f ai 



0{e) l + 0{e) J \ psin(??) J 1 + 27r V «2 

For e > small enough, it is invertible, so G has a fixed point, and we obtain, under the 
hypothesis ([35]) 



pcos(ry) = J udiu + 0{e^), 

/3sin(r/) = y^2tt j ^^2M + 0(e^), 
which concludes the proof of Lemma 14.11 □ 
4.2 The Lichnerowicz equation 

Proposition 4.2. Let i? , |Vnp e ^ ^ ^s+i' ^ ^ b,p,r] £R and 

H = Hb + Hp^r) + H, 
T = 1 cos(^ — r]) +T. 

There exists a unique X' of the form 

X' = -a'x(r)ln(r) + A', 

with X' G H^, solution of 

AX' = --ij? - -|V^I' - Vl' + ^ • (38) 
2 2' ' 2' ' 4 ^ ' 
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Moreover, if 



li^'Wnl^, + IllVnl^ll^o^^ + \\H\\^.^^ + \\r\\^.^^ + \b\ + \p\ < e, 



(39) 



we have ||A'||j:^2 < e and 



a' = \l {u^ + \Vu\^)+Oie' 



Proof. We want to apply Corollary 12.71 We have to check that the right-hand side of ([38 



is in Hg^2- We write 



l-f^l^ = \Hb + Hp^ri\^ + /i, 

(6 + pcos(6l - ri))x{r) 



+ /2. 



(40) 



We first estimate f\ and /2. Since r G -ffj+i, H G we have thanks to Proposition 

231 that r^, l-ffp e i?°+2, and thanks to Lemma [231 



' (b + pcos(g-7?))x(r) \ fVii/o- , ^ ^ o-O 



Therefore, we have /i, /2 £ -^^5+2 with 



i|lH^, + ll/2ko_^,<ll<j^^ + l|r||^i^^+6^ + P^. 



(41) 



We now compute \Hb + Hp^r^? and (te2£(Jz!ZMl)') . We have 



x(r")^ / b"^ hp 



— + ^ + ^ (cos(26l) cos(6' + + sm{2e) sm{e + r/)) 



+ y (cos(26') cos(36' - r/) + sin(26') sin(36' - r/)) 
+ ^ (cos(6' + 7/) cos(36' - ??) + sin(6' + 7/) sin(36' - r/)) 
_X('^)^ '^^^ ^ + bp cos{e + ^ cos{29 - 7]) 



{b + pcos{0 - r]))xir)\ x{r f /,2 



{b^ + 2bpcos{e -v) + P cos^i^ - ??)) 



2 I 6^ + 2bp cos{e - T]) + ^ + ^ cos(2e - 2??) 



Therefore we have 



^ifTiH- |2 1 f ib + pcosje -r]))x{r) 
-\Hb + Hp,,\ --A 



(42) 



ni) , (ini) and (jlSI) imply that the right-hand side of dSH]) is in H^j^^ with 



l-,2 1 



< lln^ll^o +|||V'u|2||^o +||r||L 
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so Corollary 12.71 gives a unique solution of (f38|) of the form 

A' = -a'x{r)\n{r) + A', 

with 

«' = /(i.-.^ + i|v»P4l«P-^), 

and A' G . If we assume ()39p , we obtain 

a' = \j{i? + |Vn|2) + O (II/iIIho^^ + ll/2||/.o^J = ^ / + l^^l') + 
which, together with the estimate 

IIA'II^I < + lllV.pll^o^^ + ll/ill^o^^ + WhWnU, < e, 

concludes the proof of Proposition 14.21 □ 

5 Proof of Theorem ICTUI 

We now have constructed, for e > small enough, a map 
which maps (a, A, H) satisfying 

to {a' , X' , H') such that, if p, ry, depending on u,'SJu,T^a,\,H ,b, are given by Lemma [4.1| 
then 

H' = Hb + Hp^,^ + H' 

is the solution of ^ ^ 

diHlj + HijdiX = -iidju + -djT - -rdjX, 



given by Proposition 13.11 with 



H —Hb + Hp^ri + H, 
X = — ax{r) ln(r) + A, 
X{r) 



and 

is the solution of 



-{b + pCOs{6 - 7])) + T, 



X' = -a'x{r) ln(r) + A' 



2 2' ' 2' ' 4 



given by Proposition 14.21 Lemma l4.ll implies \p\ < e, and therefore Proposition 13.11 and 
Proposition 14.21 imply 

\a'\ + mHi + \mn]^,^^- 
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In particular ||^(0)||]gxH|x'Hj^i ^ ^' ^° there exists a constant C < 1 such that 



\\m\\RxH]xn]^,=Ce. 



Next, we show that F is a contracting map in -Sj^^^i^-^i (0,2Ce). We take, for 
i = 1,2, {ai,Xi,Hi) G M X F| X V.}^^ such that 

We note pi, rji the corresponding quantities given by Lemma [4.11 Thanks to formula (|36p 
and (j37p we get 

|pi cos(r/i) - p2Cos(r/2)| <e ( |ai - 02! + ||Ai - A2||i^2 + \\Hi - ^211-^1 ) 

\ o d+1 / 

+ e{\pi cos(??i) - /92Cos(r/2)| + \pi sin(?7i) - p2 sin(??2)|) , 
\pi sin(r/i) - />2sin(r/2)| <e (\ai - 02! + ||Ai - A2IIH2 + H-S'i - ^211^1 ) 

\ o 0+1/ 

+ e(|/9i cos(7?i) - p2Cos(7/2)| + \pi sin(??i) - p2 sin(7?2)|) , 

and so 

\pi cos(r/i) - p2Cos{ri2)\ <e (\ai - 02! + ||Ai -hWn'^ + \\Hi - ^2!!^ 

|/9isin(r/i) - /92sin(7/2)| <e ( |ai - 02! + ||Ai - A2||j:^2 + \\Hi - #2||« 

Thanks to Propositions I3.2| 13.31 and 13.41 we can write 

zj/ _ zj P^xjr) ( cosjse - 7]i) sin(36'-r/i) 
' ^ 4r V sm(3^ - - cos(3e - rn) )^ 

where Ki satisfies 

di{Ki)ij = - iidju + ]^djT - ^rdjXi - {Hi)ijdiXi 

+ Wjj - OiXi{Hi, + Hp^^nJij - ^xin djXi, 



with 

^ _ X'{r) ( bcos{6) + f cos(20 - Vi) + t cos(??i) 



{9'i)2 J r V ^sin(0) + f sin(20 - + f cos(??0 
Thus, we can estimate 



\\^l{K^ - K^hUo^,^ <e (|ai - a2| + ||Ai - Aall^l + ll^i - muU, 

+ \pi cos(7?i) - p2 cos(t/2)| + \pi sin(?7i) - p2 sin(7/2)| 
<e (\ai - a2\ + ||Ai - A2II ^2 + \\Hi - #2||^i , 

Therefore, we can apply Lemma [3.51 which yields 

mxjr) f cos{9 + 0) sin(0 + 0) \ ~ 
^ ^ r \sm{e + (l)) -cos{9 + ^)J^ ' 
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with K G T~L\^i which satisfies 

^ ^ ('"1 - "2I + ||Ai - Asll^l + 11^1 - ^211^1^ J • 
By uniqueness of the decomposition given by Lemma 13.51 we obtain 

k = Hi- H2, 

and we deduce 

11^1 - -^2||-Hi ^ e (|ai - "2! + ||Ai - A2||i^2 + ||#i - )• (43) 

+ 1 \ d + 1/ 

Last we estimate 

||AA'i - AA2II//2 <e\\Hi - H2\\y^i , + e (|pi cos(r/i) - p2 cos(r/2)| + |pi sin(r/i) - /)2 sin(r/2)|) 
<e ( \ai - Q2I + ||Ai - A2II + ll-f^i - -f^2||^i ) • 

\ o 6+1/ 

Thus, thanks to Coronary 12.71 we have 

\a[ - 02! + IIA'i - \'2\\m < e {\ai - 02! + ||Ai - A2||/f| + \\Hi - H2\\n\ ) • (44) 

In view of (H3|) and (|44p . for e > small enough, F is a contracting map in 

-^Rx/f|x«i^-^(0'2Ce). 

Therefore, F has a unique fixed point (a. A, H). The estimates of Lemma l4.1l and Propo- 
sition 14.21 complete the proof of Theorem I2.1UI 
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